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High-level summary

Preliminary: CF-INN

Preliminary: Universality

Overview of main results

Result 1: General approximation theory for 𝒟2

Result 2: Result for affine coupling flows (ACFs)

What did we do? Theoretically investigated: 
“Are popular INNs expressive enough?”

Why important? Models without a representation power 
guarantee are hard to rely on.

"CF-INNs" can model various invertible functions and probability distributions. 
They can be relied on in many applications.
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- ( -) universal approximator: 
the model can approximate any target function 
w.r.t. - ( -) norm on a compact set.
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A model is a distributional universal approximator if it can transform one 
distribution arbitrarily close to any distribution w.r.t weak convergence.

Definition (informal, Sec 2.2)

: a set of real-valued functions on , e.g., MLP,  RKHSℋ ℝd−1

Definition ( -single-coordinate ACFs; Sec. 2.1)ℋ

.ℋ-ACF := {Ψs,t(x, y) = (x, es(x)y + t(x)) | s, t ∈ ℋ}
Assume  is a sup-universal approximator for . 

 is  

(1) an -universal approximator for . 
(2) a distributional universal approximator 
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Theorem (Sec. 3.2, Theorems 2, 3)

Decompose  into simpler mapsf |K

Detail 2: "Structure theorem"

Detail 3: Proof outline of Result 2 (  case)d = 2

Detail 1: Proof outline of Result 1

:  targetf ∈ 𝒟2  :  compactK ⊂ Uf

  (flow endpoints)∃h1 ∘ h2 ∘ ⋯

  (nearly s)∃g1 ∘ g2 ∘ ⋯ Id

   (permutations & )τ1 ∘ σ1 ∘ ⋯ 𝒮∞
c

  (  & )∃W ∘ h Aff Diff2
c

f |K

structure theorem of diffeomorphism group

Detail 2

Why CF-INN (=Coupling-flow based INN)?
• Popular in application (see next section) 
• Lack of theory about its representative power

Idea: Keep some dimensions unchanged.

Coupling flows

hk,τ,θ(x) := (x≤k, τ(x>k, θ(x≤k)))

: a set of bijections on .𝒢 ℝd

The set of invertible neural networks based on  is 
.

𝒢
INN𝒢 := {W1 ∘ g1 ∘ … ∘ Wr ∘ gr | r > 0, gi ∈ 𝒢, Wi ∈ Aff}

Definition (Invertible neural networks; Sec. 2.1 Definition 1)

Research question

Restricted function form → restricted representation power?

To answer the research question, we show two types of representation power: 
(1) sup/Lp-universality for . (2) Distributional universality.𝒟2

Usages of INNs
• Modelling distributions μ

ν

(g1)*μ

(g2)*μ
(g3)*μ

• Modelling invertible maps 
(feature extraction & 
manipulation).

(a.k.a. normalizing flows) [KD18]

[DSB17]

Ψs,t(x, y) := (x, es(x)y + t(x))

Notation, terminology, and abbreviations
1. Diffeomorphism (diffeo) = smooth function with a smooth inverse. 
2. Compactly supported (invertible map) = identity map outside some compact set. 
3.  = smooth functions on  with a compact support. 
4. MLP = Multi-Layer Perceptron 
5. RKHS = Reproducing Kernel Hilbert Space
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• Useful criterion: "if my CF architecture contains ACFs (as special cases), 
then they are also ( -/dist.) universal." 

• Affirmative answer to an unsolved conjecture.
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:=  | -diffeo,   : open    𝒟2 {f : Uf → f(Uf ) f : C2 Uf ⊂ ℝd ≅ ℝd}
Definition (approximation target  ; Sec. 3.1.)𝒟2
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  such that      ∃g0, …, g3 ∈ ℋ-ACF f ∼ ψ ∘ ψ−1
n ∘ hn ∘ ψn ∼ g0 ∘ g1 ∘ g2 ∘ g3
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Definition (special subset of : single-coordinate transformations)𝒟2

- ( -) universal approximator for  

 - ( -) universal approximator for .

sup Lp 𝒮∞
c

⟹ sup Lp 𝒟2

Theorem (Sec. 3.1. Theorem 1)

𝒮∞
c

Specific

General
𝒟2

• Usage: (1) Show universality for  using its rich properties. (2) Upgrade to . 

• Example: sum-of-squares polynomial flow (SoS[JSY]) and deep sigmoidal flow 
(DSF [HKLC18]) yield sup-universal CF-INNs.

𝒮∞
c 𝒟2

: compactly supported  -diffeo on   of the form: 

 

𝒮∞
c C∞ ℝd

τ(x, y) = (x, u(x, y)) (x, y) ∈ ℝd−1 × ℝ
Application

 is a flow endpoint if there exists a continuous and "additive" 

map  such that  and .

h ∈ Diff2
c

ϕ : [0,1] → Diff2
c ϕ(0) = Id ϕ(1) = h

Definition (Flow endpoints)

Definition (compactly supported -diffeomorphisms)C2

: compactly-supported -diffeomorphism on Diff2
c C2 ℝd

Theorem (Herman, Thurston, Epstein, and Mather)

 is a simple group (= its normal subgroup is either  or itself).Diff2
c {Id}

 is a nontrivial normal subgroup of .S Diff2
c

Proposition .S := {h1 ∘ ⋯ ∘ hm |h1, …, hm : flow endpoints}

 .S = Diff2
cConclusion

Our analysis is via , which is a broad class but can be conveniently represented 
by elements of well-understood behavior (flow endpoints).

Diff2
c

⇝
INNs (= Invertible neural networks) are 
special neural networks with invertibility 
by design. Enables various applications.

What are INNs?

What is the result? "Coupling-based INNs (CF-INNs)" are 
"universal function approximators" despite 
their restricted architectures.
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